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In digital social networks, platforms are economically motivated to curate personalized content for users. Users are thus often trapped
in “filter bubbles,” limiting their exposure to diverse content. In this paper, we develop a mathematical model to explore how platforms
can deliver personalized content while mitigating these bubbles. To avoid filter bubbles, we draw on the intuition that if some users
are recommended some category of content, then all users should minimally be recommended a small amount of that content. We first
analyze a naive formalization of this intuition and show it has unintended consequences: it leads to the “tyranny of the majority” with
the burden of diversification borne disproportionately by those with minority interests. We refine our model based on this insight to
distribute the burden of diversification more equitably. Based on this mathematical model, we suggest constraints or penalties that
can be imposed on the platform to deter the creation of filter bubbles. We provide algorithms a platform can use to optimize content
recommendations while adhering to these constraints. Using real-world preference data, we empirically verify that under our model,

users share the burden of diversification with minimal detriment to content relevance.
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1 INTRODUCTION

Over the past decade, large internet platforms have amassed an unprecedented level of social and political power.
Research has shown that the feedback loops generated by algorithmic recommendations increase polarization [21, 23, 30].
Echo chambers created by algorithmic recommendations on these platforms can have a wide range of adverse effects, such
as amplifying and creating glass ceilings for minorities [31], as well as limiting exposure and job recommendations [14].
They also lead to disinformation and propaganda being disproportionately spread to minoritized groups [15].

In this paper, we propose an approach to content recommendation that simultaneously preserves the positive aspects
of personalization while avoiding the pitfalls of filter bubbles. We do so by introducing a model that ensures that if
some users are served a particular category of content, then all users will see at least a small amount of that content. For
example, if a network includes individuals across a political spectrum, then every user will be exposed to at least a small

amount of news from opposing perspectives. This allows a platform to present diverse content without forcing content

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not
made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for components
of this work owned by others than ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee. Request permissions from permissions@acm.org.

© 2023 Association for Computing Machinery.

Manuscript submitted to ACM


https://doi.org/XXXXXXX.XXXXXXX

EAAMO’23, October 30 — November 1, 2023, Boston, MA Christian Borgs, Jennifer Chayes, Christian lkeokwu, and Ellen Vitercik

on its users that no one is interested in. This approach builds upon seminal work by Celis et al. [10] who initiated the
study of algorithmic approaches to reducing polarization. However, our approach to avoiding filter bubbles is different
and our analysis techniques diverge significantly, as detailed in Section 1.2.

We model a platform recommending content to users with a standard multi-armed bandit formulation. There are
k categories of content—such as fashion, sports, left-learning political content, right-leaning political content, and
so on—and n users. For each user and content category, the platform receives a stochastic reward from an unknown
distribution for showing the user content from that category, measured, for example, in terms of engagement or ad
revenue. The platform interacts with the n users over T timesteps, at each timestep choosing a distribution over content
categories for each user. The platform’s goal is to maximize its cumulative reward. Standard bandit algorithms would
eventually learn for each user the category with maximal expected reward and only show them content from that

category, at which point the user’s content recommendations would be caught in a filter bubble.

1.1 Our contributions

We propose a flexible approach to disincentivizing filter bubbles that adapts to the interests of the individuals on the

network. We summarize our contributions along the following two axes.

1.1.1  Modeling contributions. We first analyze an approach that requires that the distribution of content shown to any
one user is not far from the distribution shown to the population, so users cannot be siloed into disjoint filter bubbles.
However, we show that the optimal recommendations exacerbate tyranny of the majority: the burden of diversification
is borne by groups with minority interests (as often happens with naive approaches to diversification). A majority group

will exclusively see content that they most enjoy while recommendations for minority users become far less relevant.

An equitable approach to preventing filter bubbles. The intuition behind our revised approach is that in order to avoid
filter bubbles and tyranny of the majority, (1) users should primarily see content that they are most interested in (thus
avoiding tyranny of the majority), and (2) if some users are shown a particular type of content, then all users should see
at least a small amount of that content (thus avoiding filter bubbles). When both requirements are satisfied, users with
majority interests will be exposed to content that interests minority groups and vice versa.

Formally, for each user, we impose the following constraint: we require that the probability she is shown content
from a particular category must be at least y times the average probability the entire population is shown content
from that category, where y € [0, 1] is a tunable parameter. We refer to this model as Formulation 1. Setting y = 0
corresponds to complete personalization and setting y = 1 requires that everyone see the same distribution of content.
Moreover, if no one on the network is interested in some type of content, there is no requirement that users be shown
that content. When y < %, we show that conditions (1) and (2) are met and thus the burden of diversification is borne
more equally among all users. We also provide a second formulation, called Formulation 2, where instead of imposing

hard constraints, the platform is penalized based on the the extent to which it violates the y constraint.

Taxation without knowledge of the true content distribution. The penalization described above depends on the true,
underlying probabilities that the platform assigns to different types of content at each timestep. To augment the
flexibility of our approach, we also analyze a model where an auditor only has access to a dataset describing the types
of content that users were actually shown, as opposed to a description of the true distributions. In this model, the
platform is penalized at the end of the T timesteps based on the extent to which the empirical distribution over content

shown to each user violates the y constraint described above. We refer to this model as Formulation 3.
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1.1.2  Technical contributions. Since the platform does not know the reward distributions (corresponding to the users’
preferences for the different types of content), it must learn a high-reward policy over the course of the T rounds.
We analyze the regret of the Upper-Confidence-Bound (UCB) algorithm. The key challenges we face are providing
nearly-matching lower bounds—which depend on structure exhibited by the specific constraints that we impose—and

bounding the regret under Formulation 3, under which the optimal policy may be history-dependent.

Regret upper bounds. Under Formulation 1, we measure regret as the difference between (1) the cumulative reward of
the optimal distribution over content that satisfies our y constraint and (2) the cumulative reward of the platform’s
learning algorithm. Crucially, the optimal distribution (1) is defined by the users’ reward distributions, but these are
unknown to the learning algorithm. When y = 1, a variant of the UCB algorithm achieves a regret of O(VnkT) and for
Y < 1, another variant achieves a regret of O(nVkT). Under Formulations 2 and 3, we measure regret with respect to
the optimal policy that maximizes the cumulative reward minus the penalty. Our regret bounds are O(nVkT).

Key challenge. Under Formulation 3, the optimal policy may be history-dependent: it may dynamically adjust its
recommendations based on the empirical distribution over content thus far, and thus the magnitude of the final penalty.

This is in contrast to Formulations 1 and 2, where the optimal policy is a fixed distribution over content.

Regret lower bounds. We provide a nearly-matching lower bound on regret under Formulation 1. As in the upper
bound, our lower bound transitions from an Q(n) dependence for small y to an Q(+/n) dependence for large y. For k = 2
arms, we prove a lower bound of Q(n\/T) fory < % Meanwhile, for all k > 2 and all y € [0, 1], we prove a lower bound
of Q(VnkT). This means that no algorithm has regret better than Q(nVT) fory < % or Q(VnkT) for any y € [0,1].

This transition from a ©(n) to ©(y/n) dependence elucidates a tension between the reward of the optimal policy
and the ability of the learning algorithm to compete with the optimal policy. As y grows, the set of distributions that
the platform can show the user while still satisfying the y constraint shrinks. Thus, the optimal policy comes from an
increasingly restricted set so the regret benchmark is smaller. Likewise, as y grows, the learner has to use an increasingly
restricted set of policies to compete with the optimal policy. Since regret shrinks as y grows, we show that the optimal
policy’s reward diminishes at a faster rate than the learner’s handicap in competing with the optimal policy.

Key challenge. Lower bounds for bandit problems typically follow by identifying two worst-case problem instances
that are similar enough that any algorithm would not be able to statistically distinguish between them, but are distinct
enough to ensure that even if an algorithm has low regret on one instance, it will have high regret on the other. Simply
creating n copies (one for each user) of the worst-case problem instances used in standard bandit lower bounds would
lead to a large statistical difference between problem instances, thus precluding an Q(n) dependence. Our lower bound

construction therefore takes advantage of structure specific to our model.

Experiments. We analyze the optimal policies under the formulations from Section 1.1.1 using real user preference
data [18]. We empirically verify that when users’ preferences are heterogeneous, subgroups share the burden of

diversification. We also show that users experience only a minor loss in utility when recommended diversified content.

1.2 Related work

There has been significant interest in understanding the mechanics of how recommender systems affect large-scale
opinion dynamics, and if and when they lead to polarization [e.g., 6, 16, 28]. Most of the analysis has focused on how
recommender systems impact network structure [32] and how this affects the spread of information and the opinions of

members on the network. Recently there have been growing calls to algorithmically increase “exposure diversity” and
3
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combat filter bubbles [7, 13, 19]. Castells et al. [9] discuss methodologies and metrics to assess recommendation diversity,
and Halpern et al. [17] analyze the trade-off between diversity and engagement in recommendation algorithms.
The most related research to ours is seminal work by Celis et al. [10], who initiated the study of algorithmic

approaches to reducing polarization. There are a variety of differences between our work and theirs, highlighted below.

o Modeling approach. Celis et al. [10] suggest that a regulator should place pre-determined, fixed upper and lower
bounds on the probability that each arm is played so that no user can exclusively see one type of content.
Choosing bounds for each type of content, however, may be challenging. (For example, how should bounds on
fashion content and major world events compare?) Moreover, if no user is interested in a type of content, it may
not make sense to force all users to see it. The regulator would have to make these differential decisions, which
would be a divisive and controversial task. These concerns are largely ameliorated under our model.

o Stronger assumption on the regulator’s knowledge. Celis et al. [10] assume the regulator can control the exact
probabilities that the platform shows different types of content to users. In contrast, in our Formulation 3, we
propose a tax based on the content that the platform actually showed the user. As we describe in Section 1.1.2,
this introduces technical challenges in providing a no-regret algorithm for the platform.

o Lower bounds. Our nearly-matching lower bounds help develop a complete understanding of this problem.

Since the multi-armed bandit problem was proposed [33], many variants have been studied, such as bandits with
budgets [1, 5, 29], bandits with constraints [3, 12, 26, 27], and bandits with floors on content [11, 34]. Only a few
variants [e.g., 20] study multi-agent settings. However, they usually still involve a common reward like in the classical
multi-armed bandit problem. There has also been recent work on fairness in multi-armed bandits [e.g., 20, 22] but none

of these focus on the issues of filter bubbles and polarization in social networks.

2 NOTATION AND MODEL

We use P41 = {x € [0,1]% : lx|l; = 1} to denote the probability simplex and [k] to denote the set [k] = {1,2,...,k}.

Problem definition. There are n users and k categories of content—for example, fashion, sports, right-leaning news,
left-leaning news, and so on—each modeled as an arm of a k-armed bandit. An instance of our problem, denoted
v= {Di,j rie[n],je [k]}, is defined by reward distributions D; j over [0, 1] with density function f; j : [0, 1] — Rxo.
This distribution models the platform’s reward for showing user i content from category j, measured in terms of
engagement or ad revenue, for example. The set of all instances v is denoted £™¥. The mean of user i’s reward

distribution for arm j is denoted y;j € [0, 1], with p; = (g1, ..., pj ). The instance v is unknown to the platform.

Interaction between platform and users. This interaction takes place over T timesteps. At each timestep t € [T]:

(1) The platform selects an action, which is a distribution over arms for each user. This distribution corresponds to a
random variable A; € [k]™ over arm choices for each of the n users. We use the notation a; € [k]" to denote
the specific set of arms the platform plays on round ¢, so it is a realization of the random variable A;.

(2) Given the set of arms a; = (at,l, . at’n) € [k]", the platform receives a reward for each user. The reward for
user i is drawn from the distribution D; 4, ;. We use the random variable X; = (Xt,l) .. ,Xt,n) € [0,1]™ to denote

the platform’s reward on round ¢. We also use x; € [0,1]" to denote a realization of this random variable.

Platform’s learning algorithm. The platform uses a learning algorithm, or policy, 7 to decide the distribution
over arms at each timestep. On timestep ¢t € [T], the (randomized) policy 7 takes as input the history h;—; =

(a1, x1,....a;-1,x;-1) € ([k]® x [0,1]™)!~1 and returns the set of arms a; € [k]™ that will be played on round t. The
4
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conditional probability that A; = a; given the history A; = a1, X7 = x1,...,Ar—1 = @;—1, Xy—1 = x;—1 is denoted

nw(a; | a1,x1,...,ar-1,x¢—1), or more compactly as 7 (a; | hy—1). The notation 1™k denotes the set of all policies 7.

Distribution over outcomes. Since the reward distributions are independent, the conditional distribution of the reward

X; €[0,1]" given A; = a; = (at,l, R at,n) € [k]™ has density function

fa, (x¢) = l_[ﬁ,at,i (Xt,i) :
i=1

The interaction between the policy 7 and the instance v induces a distribution P, ,, over outcomes with density function

T

fov(ax,.arxr) = | [ n(ar | anx,. a1, x0-1) fa, (%) (1)
t=1

Platform’s goal. The platform’s overall goal is to choose a policy  that optimizes its total reward

n

5 ] ®

E
™A =

For eachuseri € [n], the optimal policy would choose the arm j; that maximizes expected reward: j; = argmax jelk] { Hi, j}.
Classic bandit algorithms will eventually converge to this policy. However, repeatedly showing user i content from

category j; traps the user in a filter bubble. In the next sections, we limit the platform’s ability to form filter bubbles.

3 A FIRST ATTEMPT TO DISINCENTIVIZE FILTER BUBBLES

We begin with a naive first attempt at disincentivizing filter bubbles and show that it has the harsh unintended
consequence of exacerbating “tyranny of the majority”: the burden of diversification is borne by those with minority
interests. Interestingly, this issue mirrors real-world attempts at diversification where the labor associated with
diversification is put disproportionately on members of the underrepresented groups.

To motivate this first attempt, we observe that in a network with severe filter bubbles, members are partitioned
into groups which are exposed to disparate types of content. Thus, our first attempt at avoiding filter bubbles ensures
that the content recommendations are not too “spread out” We formalize this intuition by requiring that each user’s
distribution over content is not too far from the average distribution over content shown to the entire population.

More formally, building on the notation from Section 2, let 7;(j | h;—1) denote the marginal probability that the
platform shows user i arm j on timestep ¢ given the history h;_1, with m;(hs—1) = (7i(1 | hg=1),..., 7mi(k | he=1)).
Next, let w(h;—1) = % >y mi(ht-1) denote the average of these marginal distributions. The j th component of 7 (h;_1),
denoted 7(j | hs—1), measures the average probability that arm j is shown to any user. Under our naive first approach,

we require that the distance between the vectors s;(h;—1) and 7 (h;—1) is small under the fe-norm:
l7wi(he-1) = (he—1) |l = max |7i(j | he=1) = Z(G | he=1)| < A ®3)
J

for some A > 0. (The fx-norm could be replaced by any norm, but we use the fo-norm for this exposition.)

We now show that the optimal policy p7, ..., pj, € Pk=1Jeads to tyranny of the majority, where

1 n
Pi_;ZPi’

i’=1

n
p;‘,...,p;:argmax{z”i~pi: SA,Vie[n]}.

P1s--Pn i=1
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To illustrate the pitfalls of this approach, we analyze a setting where there are two types of content (e.g., left- and
right-leaning political content) and the users can be partitioned into disjoint sets where one set only likes content
from the first category (i.e., p; = (1,0)). Meanwhile, the other set only likes content from the second category (i.e.,
ui = (0,1)). Without loss of generality, we assume that the former set—which we denote as N—is the majority.

When A > NI the constraints are meaningless and allow for full personalization: p; = (1,0) if i € [N] and

L
p; = (0,1) if i ¢ [N]. Therefore, we analyze the case where A < % We show that under the optimal policy, the
majority group will be able to exclusively see the content that they enjoy: p; = (1,0) if i € N. Meanwhile, the minority
group’s recommendations take a hit in order to ensure that the constraints are satisfied. In particular, for all i ¢ N,
pi= (l - {’—Aﬁ, %) The proof of the following lemma is in Appendix A.

LEMMA 3.1. Suppose that there are k = 2 arms and for some set N C [n] with |[N| > §, p; = (1,0) foralli € N and
i =(0,1) foralli ¢ N. IfA < %, then p; = (1,0) ifi € N and p} = (l - %, %) otherwise.

Lemma 3.1 illustrates that under this approach, tyranny of the majority prevails at the expense of minority interests.

4 EQUITABLE APPROACHES TO DISINCENTIVIZING FILTER BUBBLES

Motivated by Section 3, we propose three different formulations for disincentivizing filter bubbles that avoid tyranny of

the majority. The intuition behind these approaches is built upon the following two pillars:

(1) To avoid tyranny of the majority, users should primarily be recommended content they are most interested in,

(2) But to avoid filter bubbles, that content must contain a flavor of the content shown to the entire population.

We show that it is possible to achieve both of these ends. If both conditions are satisfied, then a policy like that of
Lemma 3.1 where the majority group sees no minority content is not possible. By the first requirement, groups with
minority interests will be recommended content that they are interested in, which means that by the second requirement,

the majority group’s content recommendations will contain a small amount of that minority content, and vice versa.

4.1 Formulation 1: Personalization constraint

In our first formulation, we require that for each user i € [n], m;(h;—1) is at least yw(h;—1) for some y € [0,1]:
7i(hi—1) = yr(hi-1). 4)

Each user’s recommendations become less personalized as y grows.

To illustrate the benefit of this approach over that of Section 3, we analyze the same polarized example where there
is a majority group N with g; = (1,0) for all i € N. For the minority group, p; = (0,1) foralli ¢ N. Forall y < % we
show that under the optimal policy, the majority of each group’s content recommendations match their interests, but

both groups see some content that appeals to the opposing group. In this case the optimal policy is defined as

n n
Pi.-- P ZirgmaX{Zﬂi “piipi 2 % Zpi',\?’ie [n]}~ (5)

LesPn | =1 =1

The proof of the following lemma is in Appendix B.
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LEMMA 4.1. Suppose that there are k = 2 arms and for some set N C [n], y; = (1,0) foralli € N and p; = (0,1) for all
i¢ N.Fory < % the optimal policy has the following form:

. (1_Y(n_n|N|)’Y(n_n|Nl)) ifie N
Pi= (MM, 1 - M) fig N
n > n :

Since y < %, this policy ensures that users are mostly recommended content that they are interested in: p; - p] >
1-y2 % for all i € [n]. However, they are still shown a small fraction of content that the other set of the population is

interested in. We note that when N is the majority group (|N]| Zl %‘), the minority group [n] \ N still sees more content
YIN

that they are not interested in than the majority group because =-— > w However, the burden of diversification
is split far more equally among the two groups than in Lemma 3.1. The policy mirrors a typical mode of community
forum discussions where members split time between listening to the opinions of each person in the entire group (for a
y-fraction of the time) and breaking into focus groups about specific topics (for a (1 — y)-fraction of the time).

In Section 5, we provide upper and lower bounds on the platform’s regret with respect to the optimal policies
Pis -, Py, defined in Equation (5). Regret measures the difference between the total reward of the optimal policy and
that of the platform’s policy 7. In other words, for any instance v and policy 7, the expected regret is defined as

T

Z ZXi,t

n
i=1 t=1

n
Rra(mv) =T p}-pi—E : (©)

n v
i=1

4.2 Formulation 2: Personalization penalty

We analyze a second formulation where there are no constraints on the platform’s policy, but the platform is penalized
based on the extent to which Equation (4) is violated. Given a parameter > 0, this penalty is defined as
k

n max {y7(j | ht—1) = mi(j | ht-1),0}.

M=

1j=1

In other words, the platform’s goal is to maximize its cumulative reward
n T k
rewardy (7, v;1,y) = E DD Xie—n Y max{ym(i | he-) = mi(j | he-1), 0}

i=1 \t=1 j=1

T n k n

= Z E Z i mi(hy—1) - quax {X Z mir (j L he-1) = mi(j | ht—l),O} : ™)
=V |i= i= nis

The policy that maximizes Equation (7) is history independent and can be written as p* = (p7,.. ., p;,) with p} € Pk-1,

The expected regret of a policy 7 under this formulation is Ry 5 (7, v) = rewardz (p*, v; 5, y) — rewardy (7, v; 1, y).

4.3 Formulation 3: Personalization penalty on the empirical distribution

Sections 4.1 and 4.2 describe models in which the platform is subject to constraints or penalties based on the true

distribution over content that it shows users. However, an auditor may only have access to the realizations of those

distributions—that is, the set of arms a;; € [k] shown to each user i at timestep ¢. Formulation 3 covers a setting in

which a regulator penalizes the platform at the end of the T timesteps based on the empirical distribution over content.

Specifically, let p; ; = % Zthl 14, ,=j) be the average number of times that the platform pulls arm j for user i. At the
7
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end of the T timesteps, the platform is penalized based on how small p; ; is compared to % X0 _ pi.j. In particular,

given a normalizing factor 1, we define a penalty that is the analogue of Equation (7):

n k n
133 w5 sl
i'=1

i=1 j=1

The platform’s goal is therefore to maximize their expected total payoff minus this penalty, which is equal to
k ¥ n
Xy =1 ) max {- D by =i 0}
=1 i=1 nia
)/ n
max {; Zzlﬁi,’j - bij, OH . ©)]
=

Let 7 be the policy that maximizes Equation (8). The regret of 7 is Rt 3(7, v) = rewards (™, v; 5, y) —rewards (7, v; 1, y).

T
rewards(z,v;n,y) = B E
TV |4
1

n
=1
n T k
=3 ;}F (i - i) —n;;;v

i=1

A key difference between Equation (7) and Equation (8) is that in Equation (7), the platform is penalized at every
timestep whereas in Equation (8), the platform is penalized at the end of the T timesteps. We make this distinction

because the empirical distribution over content at a single timestep would be extremely noisy.

5 REGRET ANALYSIS

In this section, we discuss algorithms that the platform can use to minimize regret in the three formulations from

Section 4. We also provide a nearly-matching lower bound on regret for Formulation 1 in Section 5.1.3.

5.1 Regret analysis for Formulation 1

We begin with lower bounds on regret under Formulation 1. In Section 5.1.1, we show that a variant of the UCB algorithm
has regret O(n\/ﬁ) for y < 1 and in Section 5.1.2, we show that a different variant of UCB has regret O(m ) for
Yy = 1. We then prove in Section 5.1.3 that these bounds are nearly optimal: for y < % and k = 2, no algorithm can
achieve regret better than Q(nVT), and for all k > 2 and y € [0,1] (including y > %) our bound is Q(VnkT).

The transition from a ©(n) to a ©(+/n) dependence illustrates that as y grows, the platform is better able to compete
with the optimal policy subject to the y constraints. As y grows, the platform has a smaller set of distributions that it can
use to compete with the optimal policy while obeying the y constraints. However, for the same reason, the cumulative
reward of the optimal policy shrinks as y grows. Intuitively, the transition from a ®(n) to a ©(y/n) dependence as y

grows illustrates that the optimal policy’s reward degrades faster than the platform’s ability to compete with that policy.

5.1.1 Regret upper bound wheny < 1. We analyze a multi-agent variant of the UCB algorithm, which we call n-UCB,
and show that it has regret O(nVTk) when y < 1. The n-UCB algorithm essentially runs a copy of classic UCB for each
user, but coordinates amongst these n UCB copies to ensure that they satisfy the global constraints. This requires n-UCB
to play distributions over arms from the set of distributions (pj, ..., pn) that satisfy the constraints: p; > % h o P
for all i € [n]. This is in contrast to the classic case where UCB plays a single arm at each timestep. For completeness,

we include a full description of n-UCB (Algorithm 1) and the proof of the following theorem in Appendix C.
THEOREM 5.1. Let 7w be the policy of n-UCB. Then R 1(m,v) = O(nVkT).

5.1.2  Regret upper bound wheny = 1. When y = 1, all users must be shown the same distribution of content. We can

therefore reduce our problem to a single-agent bandit problem with the reward distributions D; = X, D; j for all
8
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arms j € [k]. We adapt the robust-UCB framework by Bubeck et al. [8] with the median-of-means estimator [2], as
summarized by Algorithm 2 in Appendix D. The full proof of the following theorem is in Appendix D.

THEOREM 5.2. Let 7 be the policy of Robust-UCB. Then Ry 1(m,v) = O(VnkT).

5.1.3 Regret lower bound. In this section, we provide nearly-matching regret lower bounds. Our first bound holds
when there are k = 2 arms, y < % and n is sufficiently large (n > 100). In this case, we prove a regret lower bound of
Q(nVT). Meanwhile, for all k > 2 and y € [0,1] (including y > %) we provide a bound of Q(VnkT). We begin with our
main result (Theorem 5.3) and show in Corollary 5.4 that it implies a regret bound of Q(nVT) for Yy < % and n > 100.

THEOREM 5.3. For allT > 4, the regret is lower bounded as follows:

. T (n n n vVnT
inf sup Rri(m,v) 2max{y/=|(=-v|=+\/=]||.— -
melln? |, cen2 8 \ 8e 8e 21 16e

Proor. This theorem follows directly from Lemmas 5.5 and 5.6. O

COROLLARY 5.4. Foralln > 100,y < % and T > 4, the regret is lower bounded as

nVT
inf  sup Rri(mv) > i
relln? ,cenz 900

We now provide a proof sketch of the first part of Theorem 5.3. The full proof is in Appendix E.

LEMMA 5.5. Forall T > 1, the regret is lower bounded as follows:

T (n n n
inf sup Rpa(mn) 2L (2 -y (2a 1)) )
Jnt s Rrye) 2 (s (g ) o

ProOF SKETCH. Our proof is based on worst-case instances vp, defined for any vector b € {0, 1}". For each agent

i € [n], their reward distributions for the two arms are Bernoulli with means y; = (pi,o, /li,1) where p; = (% +¢€, %) if

bi=0,u;= (% % + e) ifbj=1,and € = %. We lower bound the expected regret B [RT,I (o, vb)] by the right-hand-
side of Equation (9), where the expectation is over both the draw of the vector b ~ Unif ({0, 1}") and the distribution
over outcomes Py, . This implies that there exists an instance vp, such that Ry (7, vp) > \/% (% -y (% + \/g))
Without constraints, the optimal policy would exclusively show arm 0 to each user i € [n] with b; = 0 since it has
higher reward for these users, and similarly it would exclusively show arm 1 to each user i € [n] with b; = 1. Due to

the constraints, both the optimal policy and the policy 7 must show some users the “wrong” arm on a non-negligible

fraction of rounds. In total, the policy 7 will lose the following reward from showing users the wrong arms:

T

€E|D| 20 B luQlhenl+ 3 B [m (0] hiy)]

b= i:b;=0 i:b;=1

We begin by proving that that optimal policy loses at most

T y(n-1)
\/;' 2 (10

total reward from showing users the wrong arms. Meanwhile, we prove that any policy & will lose at least

T(yn n n n
V323
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total reward. We prove this by showing that for any user i € [n], the distribution over outcomes conditioned on b; = 0
is close to the distribution over outcomes conditioned on b; = 1. Intuitively, this means that any policy 7 will struggle

to distinguish whether b; = 0 or b; = 1. Taking the difference of (11) and (10) implies the lemma. O

We conclude by proving that for all y € [0, 1] and k > 2, regret is lower bounded by ﬁ\/nT(k —1). The proof'is

similar to that of existing bandit lower bounds [e.g., 24, Theorem 15.2], so we include it for completeness in Appendix E.

LEmMMA 5.6. ForallT > @, the regret is lower bounded as follows:

VnT(k -1
inf  sup Rri(mv) 2> L

mellrk | conk 16e

5.2 Regret analysis for Formulation 2

Under Formulation 2, a variation on UCB we call Penalty-UCB (Algorithm 3) achieves regret O(nVkT). Penalty-UCB

maintains estimates ﬁlm of each p; and selects the distribution maximizing the estimated reward minus the penalty:

n k
(1) =m0 S

For completeness, we include the proof of the following theorem in Appendix F.

n

pir,j — Pij 0}
1

i=

THEOREM 5.7. Let 7 be the policy of Penalty-UCB. Then Ry 2(m,v) = O(nVkT).

5.3 Regret analysis for Formulation 3
A key challenge under Formulation 3 is that the platform’s optimal strategy, given perfect information about the
reward distributions D; ;j, may be history dependent. For example, the platform may choose to increase or decrease
personalization dynamically based on the empirical distribution of content chosen thus far. Nonetheless, we show that
Penalty-UCB (Algorithm 3) competes with the optimal history-dependent policy by reducing our analysis to that of
Section 5.2. We use the notation 7* to denote the optimal policy that maximizes Equation (8).

First, we show that under Formulation 2, the optimal policy obtains a larger reward (measured in terms of rewardy)

than 7* under Formulation 3 (measured in terms of rewards). The full proof is in Appendix G.
LEMMA 5.8. Let p* = (pj,..., py) with p} € Pk=1 be the policy that maximizes rewards (p, v %, y). Then
rewards (p*, v; %, y) > rewards(n*,v;n,7).

ProoF skETCH. For any arm j € [k], we can exchange the expectation and the maximum in Equation (8) as follows:

n n
Y A A Y N -
{5 <ol 2 {15 2 [ 2 fo}-

i'=1 i'=1

E

TV

By definition of E+y i ], this allows us to show that rewards(r*, v; 5, y) is upper-bounded by

n k T T n
DI (Z iy B (771 he-n)] - pmax {% > (§ DB [5G k-] - E [5G |ht1>]),o}). (12)

i=1 j=1 \t=1 t=1 i'=1
10
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We next define the history-independent policy p = (p1, ..., pn) such that
1 T
Pij =7 Z E [7;(j | hi-1)].

TV

t=1

We rearrange Equation (12) and use the definition of p* to get that

n k n
rewards (7*, v; n,y) < Z Z (T,ui,jpi,j — 1 max {% Zpi/,j - Pi,j» 0})
i'=1

i=1 j=1
n k n
<ZZ Tyi jp; ; — nmax Xpr-—p*ﬁO = reward (p* v, I y)
= £ 4 £ LjPi,j y ] i',j i,j’ 2 AR .
i=1 j= i'=

]

Next, we show that for any policy 7 that deterministically plays each of the k arms once in the first k rounds,
the difference between its rewards under Formulations 2 and 3 is bounded. This condition holds for Penalty-UCB

(Algorithm 3) and could be removed with a slightly more involved analysis. The full proof is in Appendix G.
LEMMA 5.9. Let m be any policy such that mi(t | hy—1) = 1 for allt < k and i € [n]. For any instance v,

10log T

rewards (n, v; % y) < rewards(m, v;n,y) + nnk(y + 1) +g'

PRrooOF sKkETCH. For any arm j € [k], we can exchange the expectation and the maximum in Equation (7) as follows:

T n
1 Y . .
T ;;Ta max{; ;nm [ het) = mi(j | ht_1>,oH > max {;{a

Next, we use a result by Aven [4] to show that the right-hand-side of Equation (13) is lower-bounded by

n T n
max {% Zﬁil’j _ﬁi’j’o} Z (% Z 1{At,i’=j} - 1{Az,1=j}))' (14)

i'=1 =1 \" i'=1

T

1 Y =
T 2,(; D A=) ~ 1{A,,i=j})] ’0}- (13)
=1

t=1

E
TV

1
—— - Var
2T2

We upper-bound the variance term in Equation (14) by 20T (y + 1)? log T, which implies the lemma statement. O
Our regret bound follows from Lemmas 5.8 and 5.9 as well as Theorem 5.7. The proof is in Appendix G.
THEOREM 5.10. Let 7 be the policy played by Algorithm 3. Then the regret is bounded as

. k(1
rewards(n*,v;n,y) — rewards(m,v;n,y) = O | nVkT + L\/T:FY) .

Even if 5 grows linearly in T, the regret bound in Theorem 5.10 will only grow with VT.

6 EMPIRICAL RESULTS

To explore how our framework impacts exposure diversity in practice, we test it out on real world data: the MovieLens
dataset [18] which describes people’s expressed preferences for movies!. These preferences take the form of <user,
item, rating, timestamp> tuples, each the result of a user giving a 0-5 star rating for a movie at a particular time.

'We use this dataset in order to analyze our methods on real-world user preferences, recognizing that movie recommendation filter bubbles would likely
not be as pernicious as political news filter bubbles, for example.

11
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thriller-lovers. lovers.

Fig. 1. Polarization cap: Content changes as a function of y for 2 user groups. We compute the optimal policy for 50 values of y
equally spaced between [0, 1].

6.1 Experimental setup

There are n = 58 users, randomly selected from the database, and a set K of k = 18 movie genres: K = {Action, Adventure,
Animation, Children, Comedy, Crime, Documentary, Drama, Fantasy, Film-Noir, Horror, Musical, Mystery, Romance,
Sci-Fi, Thriller, War, Western}. Each genre is paired with an associated index in [k] determined by alphabetically
ordering K. For each movie m € M , where M is the set of all movies, there is an associated genre set mg C [k] with
|mg| = 1 (a movie could belong to multiple genres). We use the ratings data to generate preferences for the users. For
each movie m € M, where M, is the set of movies watched by user i € [n], the user gives a numeric rating r; , on
a 5-star scale with half-star increments: r; , € {0.5,1,1.5,...,5.0}. We sum these ratings by genre and divide by the
number of movies that user i watched from that genre. This results in an average rating p; j € [0, 5] per genre j € [k].
Finally, we divide y; j by 5 so that p; j € [0,1]. In the end,
ZmeM, Tim - L{j €mg} 1

pij = : -
" Zme./\/l,- ]]' {J € mK} 5

Using the p;s as the mean reward vectors, we use linear programs (LPs) to solve for the optimal policy under no

constraints and under both our polarization cap and polarization tax frameworks.

6.2 Effect of the polarization cap and tax on content recommendations

We begin by investigating the effects that our constraints from Formulation 1 (Section 4.1) have on the optimal content
distribution. These experiments provide a parallel to Lemma 4.1, which shows that in a polarized population, users
share the burden of diversification. To model a polarized society, we restrict our attention to two dissimilar genres:
thriller and romance. In this restricted space, g; € [0, 1]2. We call the users who prefer the thriller genre thriller-lovers
and those who prefer the romance genre romance-lovers. In Figure 1a, we plot the probability placed on romance by the
optimal policy (which maximizes }./_; p; - p; such that p; > % X%, pir) as a function of y. For comparison, we run
the same experiments for two similar genres: thriller and horror. In Figure 1b, we plot the probability placed on thriller.
12
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(a) Probability placed on romance for romance-lovers. (b) Probability placed on romance for thriller-lovers.

Fig. 2. Polarization tax: Content changes as function of y and  for romance- and thriller-lovers. We compute the optimal policy for 6
values of y equally spaced between [0, 1] and 50 values of 1 equally spaced between [0, 1].

In both Figures 1a and 1b, as y increases, the content recommendations become more homogeneous. However, the
rates at which the recommendations become homogeneous are significantly different. In Figure 1a where the users are
polarized, the content recommendations converge slowly. It is not until y = 0.9 that the content is completely homoge-
neous. Meanwhile, in Figure 1b where the groups of users are similar, the recommendations become homogeneous at a
faster rate. In this example, they converge at approximately y = 0.6.

Under Formulation 2—where the platform is subject to a penalty (Equation (7))—we perform the same experiments
for romance- versus thriller-lovers. These experiments are illustrated in Figure 2 where we vary both 1 and y. As
before, the content distributions converge as y increases. However, 1 serves to modulate the impact of y on content
recommendations. When 7 is small, the platform prefers to pay some tax to show more personalized content than they
would under the hard constraint from Formulation 1. In fact, in Figure 2a, we see that even when y = 1 (so the platform
is penalized for any level of personalization), the platform prefers to pay some tax and personalize its recommendations,
but for sufficiently large n (approximately > 0.2), the platform switches to obeying the y constraint and paying no tax.
For the other values of y, the content recommendations change more gradually as n grows. However, after a certain

point (7 2 0.4), only the value of y leads to differences in the optimal policy.

6.3 Effect of the polarization tax on user utility

We next investigate the impact of the polarization penalty (Formulation 2) on the users’ utility. We analyze the same
setting from Section 6.2 where there is a polarized society consisting of romance- and thriller-lovers. Letting ( p?m) icln]
be the optimal policy under Equation (7) and (p;});c[n] policy with no penalty (7 = 0), Figure 3a plots the ratio of the
users’ cumulative utilities under these two policies: ) p; - p%’m IR p; - Figure 3b plots the same quantity under the
homogenous society from Section 6.2 with only horror- and thriller-lovers.

In Figures 3a and 3b, utility decreases as y and n grow, but there is a larger utility loss for the polarized group
(Figure 3a) compared to the homogeneous group (Figure 3b). Interestingly, in the homogenous group (Figure 3b), utility
continuously decreases as 7 increases, while in the polarized group (Figure 3a), the utility loss eventually flattens out.

13
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Fig. 3. Multiplicative utility loss as a function of y and .

This is because when the population is homogeneous, as 7 increases the platform only recommends one genre rather
than pay the tax, even when y is small. However, when users are polarized (Figure 2), the platform recommends both
genres and pays some tax for most values of y. It is only when y = 1 that the platform recommends only one genre.
Figure 3c plots the same quantity but without restricting the genres (u; € [0, 1]'8). Since the users’ preferences are
more diverse, the users’ cumulative utility suffers a larger but still minimal loss. This is because each user now sees a
larger share of content they might not prefer since there are more groups on the platform. Finally, in Appendix H, we

provide plots illustrating the additive utility loss (rather than multiplicative).

7 CONCLUSIONS AND DISCUSSION

Our work proposes a flexible approach to disincentivizing filter bubbles that adapts to the interests of the individuals
on the network. Under our model, if some users are shown a particular type of content, then all users see at least a
small amount of that content. We show that our model incentivizes diversity in a way that is equitable to users on the
platform and discuss algorithms for recommending content under our framework.

There remain many open questions around disincentivizing polarization in social networks. One might want to
distinguish between the content of protected minority groups and that of hate-focused or troll groups. Our current
formulation does not distinguish between these situations. One could consider a model where the penalties or cap might
scale non-linearly with the size of the group, allowing for more effective moderation. In addition, there is more work to
be done to understand the precise impacts of our constraints on the utility of the users and platform. Rewards could
represent the profit of the platform or the utility of its users, and our current analysis does not address this distinction.
However, the difference could be important when there is a wealth disparity between groups and differences in utility
of the users might not easily map to differences in the platform’s revenue. A related direction could be to extend our

model to maximize popular and well-studied notions of fairness like Nash social welfare.
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A PROOFS ABOUT FIRST ATTEMPT (SECTION 3)

LEMMA 3.1. Suppose that there are k = 2 arms and for some set N C [n] with |[N| > §, p; = (1,0) foralli € N and

i =(0,1) foralli ¢ N. IfA < %, then p; = (1,0) ifi € N and p} = (l - %, %) otherwise.

Proor. First, we write the expected reward as
n
Zpi i = me +Zpi,z =n—|N|+ me - ZPi,l,
i=1 ieN igN ieN igN
S0 we can write our optimization problem as

maximize YN Pi1 — LigN Dils

. 1 5n (15)
subject to |pi,1 - Zi/:lpi',o| <A

Next, we show that there exists an optimal solution such that p; 1 = ¢q; foralli € N and p;; = g2 for all i ¢ N, for some

q1.92 € [0,1].

Cramm A.1. An optimal solution to Equation (15) has p;1 = q1 foralli € N and p;1 = q2 foralli ¢ N, for some
91,92 € [0,1].

ProorF oF Cramm A.1. First, if N = 0, then the optimal solution is to set p;; = 0 for all i € [n], and if N = [n], then
the optimal solution is to set p; 1 = 1 for all i € [n]. In both of these cases, the claim holds.

Next, suppose N # @ and N # [n].Let p1,0, ..., Pn,o be an optimal solution to Equation (15) and let g; = ﬁ lieN Dil
and g2 = m 2.igN Pi,1- This is a feasible solution to Equation (15) because

1 1<

—(N ~INDg2) = = > pin,

" (INlg1 + (n = INDqgz2) " L Pit
so for all i € N, we have that

i 1< 1 1<
-A< minpjo = ZPi’,O sq-- (INlg1 + (n = |N|)g2) < maxpio = ZPi’,O <A.

i’=1 i'=1

Similarly, for all i ¢ N,

n n
1 1 1
~A<minpio—~ > pro<qz—— (INlgi+(n—INDg) < 0= Y pro <A
—%II{IIPJ,O ~ 2. Pro < n(| lg1 + (n ||)QZ)—%}\>’<PJ,O nilzlpz,o_

i’=1

Moreover, this solution has the same objective function value as p1,. .., pn,0, S0 it is an optimal solution. O

Using this notation, we simplify the constraints by writing

1 1 —IN -
= D == (Nl (= g = T,
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Therefore, the constraint (Equation (15)) for any i € N becomes

nA

— < —
lg1 — g2l < n—IN]

Similarly, we may write

1y 1 IN|(g2 — q1)
~ =3 pir=q2 -~ (Nlgs + (n - IN)q2) = —— =1,
2= 2, pi1=q2 - (INlq1 + (n = [N])g2) "

Therefore, the constraint (Equation (15)) for any i ¢ N becomes

nA
lg1 — q2| £ —.
[N

(16)

(17)

Since |N| > %, Equation (17) is tighter than Equation (16). Therefore, our optimization problem can be written as the

LP
maximize  g(q1,q2) = |N|q1 — (n = [N])q2

. n
subject to q2 2 q1 — m
nA

IN|
0<qg2q1 =1

g2 <q1+

The vertices (q1, q2) of this LP polytope and their objective values g(q1, g2) are

Intersection of Equations (18) and (19): Infeasible

A
Intersection of Equation (18) and ¢z = 0: (qﬁl)’ qgl)) - (% 0)

1 1
9(q§ 4 )) =nA
Intersection of Equation (18) and g2 = 1: Infeasible

Intersection of Equation (18) and g; = 0: Infeasible

A
Intersection of Equation (18) and ¢; = 1: (qiz)’qu)) = (1, 1-— InW|)

2) (2
9((15 ),q§ )) = 2|N| —n+nA(
Intersection of Equation (19) and g2 = 0: Infeasible

A
Intersection of Equation (19) and g2 = 1: (q§3), qgg)) = (1 - InWI’ 1)

g(qf)’qf)) =2IN|=n+nA

A
Intersection of Equation (19) and ¢; = 0: (q§4), q§4)) = (0, %)

@) () _ _nA@—[N])
9(ai”.a:”) = IN]

Intersection of Equation (19) and g; = 1: Infeasible.

17
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Finally, we have vertices ( (5),q§5)) = (0,0) with g( (5),q§5)) = 0 and ( (6),q§6)) = (1,1) with g( (6),q§6))
2|N| — n. Since A < l—]:l”, (q1.92) = (0,1) and (g1, ¢2) = (1,0) are infeasible. Since |[N| > %, ( (3),qé3)) ( - |_I§|’ 1)

maximizes the objective value, which implies the lemma statement. O

B PROOFS ABOUT OUR MORE EQUITABLE APPROACH (SECTION 4)

LEMMA 4.1. Suppose that there are k = 2 arms and for some set N C [n], p; = (1,0) foralli € N and p; = (0,1) for all
i¢ N.Fory < 2, the optimal policy has the following form:
—-|N —-|N cps
(1_ Y(nnl I), Y(nnl I)) ifie N

pi = N N .
) e

Proor. Our goal is to find distributions p1, ..., pn € P! to the optimization problem
maximize Z?:1 Pi i = DieN Pil+ DigN Pi2
such that p;; > > L 2 pira Vi€ [n] (20)
piz> L8 piaVie[n]
We claim that without loss of generality, we may set p;; = q; for alli € N and p;2 = g2 for all i ¢ N, for some

q1.92 € [0,1].

Cram B.1. An optimal solution to Equation (20) has p;1 = q1 foralli € N and p;2 = q2 foralli ¢ N, for some
q1, 92 € [O, 1].

ProorF oF Cramm B.1. First, if N = 0, then the optimal solution is to set p;2 = 1 for all i € [n], and if N = [n], then
the optimal solution is to set p; 1 = 1 for all i € [n]. In both of these cases, the claim holds.

Next, suppose N € [n] and N # 0. Let p1,..., pn € P! be an optimal solution to Equation (20) and let q; =
Wll YieN pi1and gz = m 2igN Pi,2- This is a feasible solution to the constraints in Equation (20) because

n= |N|ZP”—|N|Z Zpll‘yzp”‘ (Z“”Zl‘f’”)

ieN ieEN i¢N
= ; (INlg1 + (n = INI) (1-q2)).
Similarly,

1 LN, YN, Y
qz—m;vpz,zzm;\j;;ﬁr,z—zgpz,z—;(z 1—P:1 ZPH)

ieEN i¢N
= L(NI(1-q) + (n = INDg2)

Moreover, the objective functions are the same because

INIg1+ (= INDgz2 = > pir+ ) pia.
ieN igN
Therefore, the claim holds.

Based on Claim B.1, we may write our optimization problem as

maximize |N]|q1 + (n —|N])g2
18
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such that ¢ > % (INlg1 + (n = IN]) (1 - g2))
1-a1> LN (1-q) + (n = INDg2)
922 L (NI (1-q) + (n = INDg2)
1-a:> L (Nlgi+ (n=IN) (1 - g2))
q1, 92 € [0,1].
Rearranging terms, our optimization problem is

maximize ¢(q1,q2) = [Nlq1 + (n — [N|)qz

such that ¢ > %(1 -q2) (21)
RS .
g 21- oD 'nyf"y[N'fV D. (23)
¢ < %N_"N')(l - q2) (24)
q1,q2 = 0and q1,q2 < 1. (25)

To analyze the corners of this LP polytope, we identify where the eight hyperplanes in Equations (21)-(25) intersect.
Note that Equations (21) and (22) are parallel, so they don’t intersect. The same is true of Equations (23) and (24).
Moreover, q1 = 0 if and only if g2 = 1 by Equations (21) and (24), so we ignore the intersections with g; = 0 and g2 = 1.
This leads to the following corners (g1, g2) with objective values g(q1, q2):

y(n—IND) yIN| )

Intersection of (21) and (23): (qil) qgl)) = ( - -

(1) (1)) _ 2yIN[|(n—|N|)
g(a".qfV) = TR

n
1

g(qiz),qéz)) =n~—|N|

<3>’q<3)) _ (M 0)

Intersection of (21) and (24): (q(z), qu)) =(0,1)

Intersection of (21) and gz = 0: (q1 =

n—yIN’
(3) (3)) 2 Y(n=INDIN|
9(‘]1 q, )— T
Intersection of (21) and g1 = 1: Not feasible
Intersection of (22) and (23): (q§4), q§4)) =(1,0) (26)

g(a?.at") =N

N N
Intersection of (22) and (24): (qgs)’ qgs)) = (1 -y (1 - u) 11— M)
n

n
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Algorithm 1 Multi-agent UCB (defined by parameter d)

Require: Failure probability § € (0,1)
1 Set Nij(0) =0, Vi€ [n],j € [k]; 4" = 0, Vi € [n]
2. fort e {1,...,T} do
3: if t € {1,...,k} then

4: Set pit =e
5: else
n
6: Set (plgt)). = argmax ), p;- ﬁ;t_l)
i€[n (Pi)ie[n)€S =1
7: end if
8: Draw an arm jl.(t) ~ pgt) Vi € [n]
9 Receive reward rim ~ Dl.ju)
10: Forall i € [n], set Nl,j(,) (t) = Nij(,) (t—-1)+1 > Increment the counter for arm ji(t)
1 12 (t)

11: Set Nj j(t) = N; j(t — 1), Vi € [n] and j # j; > Do not increment the other counters

12: Set ﬁl(j) = "N,-;(t) log % Vie [n],j € [k] > Define confidence intervals

t
13: ﬂl(z) = Ni;(t) Tgl rl.(T)]l {ji(r) = j} +,Bl.(5.), Vi€ [n],j € [k] > Estimate mean rewards
14: end for

(5) () _ _ 2yINl(n—|N])
g(ql 9y )—n n

Intersection of (22) and g2 = 0: (q1,q2) = (1,0) as in Equation (26)
Intersection of (22) and q1 = 1: (q1,q2) = (1,0) as in Equation (26)
Intersection of (23) and g2 = 0: (g1, g2) = (1,0) as in Equation (26)
Intersection of (23) and q1 = 1: (q1,q2) = (1,0) as in Equation (26)
Intersection of (24) and g2 = 0: Not feasible.

Intersection of (24) and g1 = 1: Not feasible.

Fory < %, the optimum is achieved at (qis), qés)) = (l -y (1 - |—JZ|) ,1- @), so the lemma holds. O

C PROOFS ABOUT THE FORMULATION 1 REGRET UPPER BOUND WHEN y < 1 (SECTION 5.1.1)
Cramv C.1. With probability 1 -, foralli € [n],t € [T] and j € [k],

YRy VRT3

Proor. Consider a fixed iteration t. For i € [n] and j € [k] and ¢ € [t], let 7 = inf {N;;(s) > ¢} and 65]. =
T

% )y rfj.) 1 { jl.(s) =j } Since the 6f ; are independent in ¢, i, and j applying Hoeffding’s inequality with parameter
s=1 7 :

&’ = 8/(tnk), with probability greater than 1 — §’,

log(2/6")
t
Applying the union bound for all V¢ € [t],Vi € [n],Vj € [k] we have that:
20

N
195 ; — pijl <
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10g(2/5)) & log(2/8"
P|3t e [t].3i € [n].3) € (K] : [5; - pijl = | = °g(2/ ) ZZZP( of ;= pijl = Oj\g[l(f{t)))
J

<tnké’ =6

Thus with probability at least 1 — 8, V¢ € [t],Vi € [n],Vj € [k],

R log(2tnk/d)
00 = il < | 2

N () + ﬂl(i) and Nj j(t) € [t] Vi, j with probability at least 1 — §

Since ,ul] =0;;

N t N
llit,j - 2/31-(,]-) < Hij < llz?,j'

THEOREM 5.1. Let 7 be the policy of n-UCB. Then Rr 1 (7, v) = O(nVkT).

Proor. Fix a timestep t € [T]

Do mi-p” py = (pr - 4 pl - pl )
i€[n] i€[n]
< Yo m—pi i+ p” @ = pl )
i€[n]

By ClaimC.1, p-pu; < p- ﬁlm Vie [n] andall p € R’;
Swrmi-p my < Y (o7 a - p )

i€[n] ie[n]

(t) 1)
Zp - B;

i€[n]

Thus

IA
I~

Z p;t) 'ﬂi(t)
i€[n]

Let Fj;—1 denote the canonical filtration o((X; s, p s)) 0 < s < t) on the choice of pl(t) and let jl.(t), be a random
variable distributed as p( ) | Fi,r—1 and conditionally independent from ]( ) ie. ji(t)/ L jl.(t) | Fit—1. Note that by
definition the following equality holds:

18,1 =

JOp® b JO p®
13

[ﬁ (1)’ |]:lt 1]
~p; b

Consider the following random variables A; ; = Ejft)r~p£t> [ﬁi,ji(’)' | Fir-1] — ﬁi,ji(’) (t). Note that M; ; = 25:1 Aisisa

martingale. Since |A;| < 24/2log(Tnk/§), using this as the bound in Azuma-Hoeffding and taking a union bound over
i € [n] and ¢ € T implies that with probability at least 1 — 6,

La ) g6 . L ( Tnk 1
(¢ ¢ t
E E p; B E E ﬂ m+nT\] log( 5 )log(g)
t=1 i=1 t=1 i=1

21
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T n
) Tnk 1
Z Z ﬁi}ji(t) + Tl\/TlOg (T) lOg ((—S

t=1 i=1

Now we bound Z Z ﬂ(t([),

i=1t=1 LJ;
5 (1) T"km 0 -
=1i=1 i =1 i=1 j=1
For fixed i, j
N;;(T)
Z ﬁ“)n{ (&) _ } Viog(Tnk/8) Y 1/t < 2,[Ni;(T) log(Tnk/5)
t=1
Therefore

n

T k
DB <2 N Ny (1) log(Tak/5)

ie[n] t=1 i=1 j=1
n k
<2 Z k Z Ny j(T) log(Tnk/s)
i=1 j=1

'M=

—

VKT log(Tnk/$)
= 2nvkT log(Tnk/6)

k
Where the second line follows from the concavity of /- and the penultimate line follows from the fact that 3 N; ;(T) =T
j=1
The result then follows by setting § = % O

D PROOFS ABOUT THE FORMULATION 1 REGRET UPPER BOUND WHEN y =1 (SECTION 5.1.2)
In this section, the distribution D; = >, D; j is supported on [0, n] instead of [0, 1] and we denote the average reward
for arm j € [k] as pj = X7, pij.

Definition D.1 (median-of-means estimator [2]). Let § € (0,1) and X3, ..., X7 be i.i.d random variables with mean
E[X] = p and variance E |X — | = 6. Let m = | 8log(1/8) AT/2] and t = | T/m]. Let 7', ..., i™ be m empirical mean

estimates, each one calculated on ¢t data points as follows:

1 t 1 mit
-_-Z :-sz,... = Z X;.
t s=t+1 ts (m-1)t+1

The median-of-means estimator ji(T, d) is the median of these m empirical means.

THEOREM 5.2. Let 7 be the policy of Robust-UCB. Then Ry 1 (r,v) = O(VnkT).

Proor. Forall t € [T], j € [k] the median-of-mean estimate at time , ﬁj(.t) with probability at least 1 — § we have

. 24nlog(kT/S
D — gl < | 20BELO)

22



Bursting the Filter Bubble: Disincentivizing Echo Chambers in Social Networks EAAMO’23, October 30 — November 1, 2023, Boston, MA

Algorithm 2 Robust-UCB (defined by parameter §)

Require: Failure probability é € (0, 1), median-of-means estimator fi(t, §)
1+ Set N;j(0) =0, ﬁj(.o) =0 Vje [k]
2. fort e {1,...,T} do
3 if t € {1,...,k} then

4 Set p(t) = ¢;

5 else

6 Set p(*) = argmax p - gt~

pePk-1

7: end if

8: Draw an arm j(t) ~ p(’)

9 Receive reward r(t) ~ Dj(,)

10: Set N (t) = N (t—1)+1 > Increment the counter for arm j(*)
11: Set Nj(t) = Nj(t—1), Vj # j(t) > Do not increment the other counters
12: Set ﬁ(f) = [ og Tk Vj e [k] > Define confidence intervals

J N;j(t) S

13: ﬁj(.t) = f1j(Nj(1),0) + ,B](.t), Vj e [k] > Get mean rewards estimates
14: end for

By applying Lemma D.2 with o-jz. = n/4 which is justified by ClaimD.3 and then taking a union bound over all arms
J € [k].
This event and Proposition 1 in Bubeck et al. [8] imply the desired regret upper bounds for the Robust-UCB with
1

median-of-means estimator. The result then follows by setting § = . O

LemMAa D.2. Let§ € (0,1). Let Xj1,. .., Xj 1 beii.d random variables with mean E[X;] = uj and E |X; — yj|2 = crjz..
Letm = |8log(1/8) AT/2] andt = |T/m]. Let

L L u . kt
al — . 2 — . m — .
B=12 s =1 ) Xison Bl =1 ) X
s=1 s=t+1 s=(m—-1)t+1

be m empirical mean estimates, each one computed on t data points. Let [i; be the median of these m empirical means. Then

with probability at least 1 — §
N 961og(1/6)
PRV E)

ProoF. By Chebyshev’s inequality V¢ € [m]
PlIES - il < ov/12/t] = 3/4

Lete >0and Y, = 1 {|ﬁj’ - il > e} for ¢ € [k], For € = 04/12/t, Y; is stochastically dominated by a Bernoulli

distribution with parameter p = 1/4. Thus using Hoeffding’s inequality for the tail of a binomial distribution we get

P(lgj — pjl >e) =P (Z Y > m/Z) < P(Bin(m,1/4) > m/2) < exp(=2m(p — 1/2)?) = exp(-m/8) = §
=1

Cramv D.3. cr]z. =E[IX; — pj*] < n/aVj € [k]
23
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Proor.
2

E[IX; - ujl*] =E

n
Z Xij = i
i=1
n

< ) ElIXj = pijl’]
i=1
n
< 1/4=n/4
i=1
where the second line follows from the independence across users i and triangle inequality. While the last line follows

from Popoviciu’s variance inequality. O

E PROOFS ABOUT THE FORMULATION 1 REGRET LOWER BOUNDS (SECTION 5.1.3)

LEMMA 5.5. For all T > 1, the regret is lower bounded as follows:

T(n n n
inf R V) > \[— — —y|=—++/ =] 9
ﬂér]}[n,z Vilég,z TA(mY) 8 (Se Y(Se \ 271)) ©)

ProoF. Our proof is based on worst-case instances vp, defined for any vector b € {0, 1}". For each user i € [n], their

reward distributions for the two arms are Bernoulli with means p; = (ui,0, ti,1) where

) (§+e l) if b = 0

pi= 2 27)

(5.3+¢) ifbi=1

where € = %. We will lower bound the expected regret By, [Rr (7, vp)] over both the randomness of the draw of the

vector b ~ Unif ({0, 1}") and the distribution over outcomes P, . This will imply that for any policy 7, there exists an

T (n n n
Rr (mvp) 24|z =-v|[=++/—]|]-
7 (mvp) V8(8e Y(Se V2 ))
Given an instance vy, the following distributions py, ..., p, with

(1 _ Y||:||1, YHrl:“l) ifb; =0

(Knmlol) 3 Yol g,

instance vy, such that

pi=

are feasible policies. This is because n — ||b||; is the number of 0’s in b and ||b||; is the number of 1’s in b, so for any i
such that b; = 0,

viblly _ vy v Ibll1 y (n—1Iblly) y1Iblly
-1 1-— =y-
" on i‘;0 n +i‘bz-—1 n ’ "

and

n n n
i:b;=0 i:b;=1

ylblly vy ylIblly y (n = |Ibll,)
Tt + Z (1 - —) )

24
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Similarly, for any i such that b; = 1,

yn = [Bll) _ z(

n n

v lIblly y (n—|[Blly)
RIS

i:bj= i:bj=1

and

IV

y(n—Iblly) _ )’||b||1 14 Y||b||1 _y(m=lbllp)\) _ ylbl,
1= =1y ;(Z .bz_l(l - ))_ .

i:b;=0
After simplifying, this policy has an objective value of

2o e

i:b;=0 i:b;=1

=2+ (n- [l (1 - —y”:”l)6+ Ibll, (1 _ y(e = lbl) _n”b”l)) ¢

n 1
=3 +e(n— =-2y|Iblly (n - “b”l))'
n

Thus, the optimal policy’s expected cumulative reward is at least

nT 1
7+6(nT— ;~2Ty||b||1 (n- IIblll))- (28)

(¥)

Meanwhile, for any policy 7, let Ty = (0 | hy—1) denote the probability that the policy chooses arm 0 for user

()

i on round ¢ given the history h;_;. The value m;

()

is therefore a random variable that depends on the history h;_;.

Similarly, let Ty =T (1] ht—1). The expected cumulative reward of policy 7 is

1 1
AL () 5 1))
nT I
2 b LR |
t=1 \i:b;=0
nT c 0 ()
:7+e(nT—tZ(i-b-0”]%b [7[1.’1]+_ZIHI‘E/I’ o )) (29)

itb;=

Therefore, the expected regret of r is at least Equation (28) minus Equation (29), which is

T
G(Z( S ER Y E [ﬂié)])—%~2Ty||b||1<n—||b||1>). 50)
t=1 \i:b;=0 i

i:b;=1

We will begin incorporating the constraints by rewriting the first part of Equation (30) as

t i:b;=0 i:b;=1
T ¥ n n

S gt Sl s gl =
t=1 \ib=0 " P j=1 ib=1"® j=1

25
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(n—1Ibll,) 1Bl
+Z(y : Z;‘[Vb[ (t) Y l;nvb[ (t) )

n y(n=11blly) _ ylibll,
If”b”l < E,then O > — > SO

T T n
Z( o= bl )Z,}%,,[ TIPRAL o Jg’?])zyubuln S5 (04201 <yl

=1 = n t=1 j=1

Similarly, if ||b]|; > Z

25
3 AL yIblly < o= '
;( 1 Zﬂv,,[ (’f)]+ - 1;”1%’ [,rj(%)] Y (n—iblly) ” ;;( 0, (to))
=y(—|bl)T.
Therefore,

b~ {Igl}n Z(Y(n_ - Zm,,[ (t)] yllrl:||1 Zn:”EVib [ﬂ](to)]) (32)

Jj=1

= TIE[”””l1{||bul<%}+(”‘”””1)1{Hb||1>%}]

=/TE (131 (1= 2uap,57) + (=181 T, 21

=yT (Jg [IBlls] + 18 [1py, 52y | - 2E [ 181 1{||b\|1>§}])' (33)
When b ~ Unif ({0, 1}"), ||b]|; ~ Bin (n, %) Therefore, Equation (33) is equal to

T (n =22 bl |11 > 2 | Pr 16l > 2]) =47 (n =2 0elly |11 > 3 ])-

Since ||b||; ~ Bin (n, %)

AN LES
B (Il sl > 2 | = 2 (z +(Tl))

[25] and by Stirling’s approximation,

n n n
Bl bl > 2| < 244 =
B [Iblly |16l > 3 | < 5 +1/5-
We can use these facts to bound Equation (32) as follows:
Y("—||b||1) [ (t)] ylIbll; < (t)] n n
_— ; >yT |- —+/—]|- 34
b~{]0E;1}" tZ‘( Z”Vb " j:ﬂ% Tl )| =z 2m G4
Returning to Equation (31), we will next bound
3 0 _Y N0 W _YN 0
t t t t
; Z ,,E;b Tin ~ Z” Z ,ﬂ%b M0 T 2T
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_ZE Z ]E Il'(’t)—%zn: t) l{b 0}+ E ﬂ(t) YZ (t) 1{[71':1}
i=1 j=1

t=1

For each user i € [n], we will therefore lower bound

T
(t) Y (t) (t) )4 (t)

T T
1 (t) Y (t) (t) 4 (t)
i ;=0 + i =1{].
5 ]E E E E ;] bi=0 ]E, E tE: g b; (35)

=1

Let b_; € {0,1}"*~! denote the vector b with all components except the ith component. Moreover, to simplify notation,
let P; o denote the distribution over outcomes (A1, X1,..., Ar, X1) € ({0,1}" X {0, 1}™7T defined by first drawing
b_; ~ Unif ({0,1}"!) and then running the policy 7 on the instance v(q p ,). Similarly, let P;; denote the distribution
over outcomes (A, X1, ..., A1, X7) € ({0,1}" x {0,1}")T defined by first drawing b_; ~ Unif ({0,1}"*~!) and then

running the policy 7 on the instance v(; p_,). We can then rewrite Equation (35) as

1 I T
5 3% ; (t) YZ () ; (t) YZ (&)
_1 3 <t> Y (t) S ) _ Y (1)
) E,Eé Z Z e (I_Y)T_Z Ty~ Z : (36)

t=1 ’ t=1

Based on the constraints, we know that ﬂ(t) L Z;Ll H](tl) > 0 and nl.((t)) - % Z;'l:1 71'1(-%) > 0 with probability 1.

Therefore, by Markov’s inequality and the Bretagnolle—Huber inequality,

%}%ZT: (t) Yzﬁ(t) +E (1- },)T_i ”i(,? yz (1)

t=1 t=1

T T
TA-y) |, () Y (®) T(1-y) (t) Y o] Ta-y)
R (D G B R Dy e I B

=1 Jj=1 t=1 j=1

T(1-
> % exp (—D (Pi,0>Pi,1)) .

In the following claim, we bound D (Pi,o, Pi,l) .
Cramm E.1. D (Pio,Pi1) < 8€%T.

Proor or Cramm E.1. In this proof, we will use the following notation to distinguish the reward distributions for each
instance v, For any vector of rewards x; = (xz,1,...,%s,,) € {0, 1}" and any choice ofarmsa; = (az 1, ..., arn) € {0,1}",
we will use the notation f‘ft (x¢) to denote the probability that the platform receives rewards x; under instance v}, after

choosing arms a;. We also use f(bi) : {0,1} — [0, 1] to denote the PMF of arm 0 for user i and f(bi) :{0,1} — [0,1]
to denote the PMF of arm 1 for user i. In other words, f( ) is the Bern( + e) PMF, f( ) is the Bern( ) PMF, f(l)
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the Bern(%) PMF, and fi(ll) is the Bern(% + e) PMEF. With this notation,

e = [ TA9 () - (37)
i=1

Moving now to KL divergence between P; g and P; 1, let f;o : ({0, 1}" X {0, 13T — [0, 1] be the probability mass
function of the distribution P; o, and define f; ; similarly. By definition,

fio ((at’xt)thl)
D (Pio,Pi1) = (a[%:)mfl ((at,xt)t 1)log Jm.

We will begin by simplifying the logarithm in Equation (38). Beginning with the numerator of the logarithm, we
have that

(38)

1
on—1 Z PHV(O’,Li) [(At,Xt)z:1 = (at7xt)z“:1:| .
b_;e{0,1}n1

fio ((at,xt)thl) =Pio [(Ath)tT:l = (at,xt);Tzl] =

Using the notation defined in Section 2 (Equation (1)), we have that

fio ((at,xt)thl) = % bz:f”"(oyb-i) ((at,xt)thl) P Zl—[n(at | a1, x1,..., -1, x¢— l)f(Ob")(xt).

b_; 1=
Applying Equation (37), we have that

T
1
fio ((at,xt)thl) = oni Z l—[ m(a; | al,xlwn,atflsxt—l)f;-’(g (2,1 l_[f] (x,5)
b

_; t=1 J#i

where b; indicates the j’ h component of the vector b_;. Rearranging the product within the summation, we have that

fio ((at, xt)thl) is equal to

T T
(bj)
-1 Z n(”(at | a1, x1,. .. ar—1,x¢- 1)fl(at) (e,i )n 1_[ ]a,,(xtf)
b_; \t=1 t=1\ j#i
Since Hthl r(as | a1, x1,..., at—l,xt—l)ﬁ(‘(l)}. (xt,,-) does not depend on b_;, we rearrange the summation over b_; as
e (0) L (b))
T 0 .
fio ((atsxt)tzl) =it l_[ (”(at lan,x1,. a1, x0-1)fi o (xt,i)) Z 1_[ l_lfjaj, (xt,5)- 39)
t=1 b_; t=1 j#i
Similarly,
L (1) L (b))
T 1)
fia ((atsxt)tzl) = onm1 1_[ (”(at | ‘11,x1,-..,at—1,xt—1)ﬁ,a (e,i )Z 1_[ 1_[ ]a”(xt]) (40)
t=1 b_; t=1 j#i

We now return to the logarithm in Equation (38). Based on Equations (39) and (40), much of the numerator and

denominator cancel out, leaving us with

i (@0, » ﬁf;&?}, i £ (xt)
o8 T ellTm O )
fi1 ((atsxt)tzl) t=1 Jia,,; ( =1 za,, ( “)
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We can therefore can write the KL divergence as

(0)
T f (Xt ,')
LAz >
D (Pi,O,Pi,l) E E log _(1>' — 1.

="

Moreover, by the law of total expectation, D (Pi,o, Pi,l) is equal to

T (0)( X1.) 0) (x )
N il t,i
Z E |log (1) Ani=0|P[Ani=0]+E log —5——— | Avi = 1| P [Aei = 1] ] (41)
=1 \° (Xt.i) Ol S (Xei)
Inspecting each conditional expectation in this sum, we have that
(0) (0) (0)
fro” (Xi) fio” (0) fioo (D
E |log l’(ol) Ari=0|=Pio [Xri=0] Az =0] -log oF +Pi,o [Xei=1]Asi =0]log oo
Wl S (Xe) fio fio’

By Equation (27), for any instance vy, such that b; = 0, the probability that X; ; = 0 given that A;; = 0 is % —€= fi(é) ) (0).
Similarly, the probability that X; ; = 1 given that A;; = 0 is % +e= fi((? ) (1). Therefore,

o (Xei) £5) © £’
o \Xei _ol = @ (0) (0) (1)
E 1ogfi’(01) - Ari=0] = £ (0) log f(l)( )+f (1) - log f(l)( ) D(fl’o A ) (42)

Similarly, o
£ (X
E |log 22t X0

L - —1] = (0) (1)
i0 gfl(l)( ) Ani=1 D(le’fz ) (43)

Let N; o(T) be the number of rounds that user i is shown arm 0 and let N; 1 (T) be the number of rounds that user i is
shown arm 0, so Nj o(T) + N; 1(T) = T. Combining Equations (41), (42), and (43), we have that

D(Pi,O,Pi,1)=;T1( (A0 19 ) Bio [Ai = 0] + D (£ 1) Bio [Ari = 1])
=D (£ £9") B N+ D (£ £7) B [Nia ()]
Since f( ) is Bern( +e) f( ) is Bern( ) f( ) is Bern( ) andfl.’(f) is Bern(% +e),

D (Pio,Pi1) < 8€* (]E6 [Nio(D)] + E [Ni,l(T)]) = 8€°T.

By Claim E.1, D (Pi,o, Pi,l) < 8€2T, so if we set € = ST’ we have that

e 3 0 _L N0 2|(-pr [0y ollls IA-y m
21i0 Z ZT[ + v _Z Tix ~ Z ge (44)

t=1 t=1

Combining Equations (30), (31), and (44), we have that the regret is lower bounded by

1 (nT(1-y) n n 2Ty
\/;(TH’T(E-\/;)—TI){E [||b||1<n—||b||1)1)
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Since Ep~{o,1}n [IIblly (n = Ibll1)] = % (n — 1), we have that the expected regret is lower bounded by

\/TM+ 2_\/2_@>\ﬁ1_ n, [n
8 8e v 27 2 =V lse "se 2]’

LEMMA 5.6. ForallT > @ the regret is lower bounded as follows:

\VnT (k-1
inf  sup Rri(mv) > L

rell™k | cenk 16e

Proor. We begin by defining the worst-case instance v where for each user i € [n], their reward distributions for

the k arms are Bernoulli with means

1 + 11 1

= =pp=|ste oS

H Hn=\27%2 22
where € = SnT We will use the notation Nj j(T) to denote the number of rounds that user i is shown arm j
and N;(T) = ¥, N;;(T) to denote the total number of rounds that all users are shown arm j. This means that

Z’;zl N;(T) = nT. Under instance v, the optimal policy obtains a reward of nT (% + e). Meanwhile, an arbitrary policy

7 will obtain a reward of

n

(% ) [Ny(T)] +%jz_; [N (D) ——T+6E[N1(T)]

Therefore, the regret of policy 7 on instance v is
Rr(mv) =€ (nT -E [Nl(T)]) .
TV

Fix a policy 7 and let j* = argmin; , Erv[N;(T)]. Since Zk Nj(T) < nT, we have that Exy, [Nj+(T)] < "T . We

now use j* to construct a second worst-case instance v* where for each user i € [n],

T+e ifj=1
Hij=131+2e ifj=j*
% else.

Under instance v/, the optimal policy obtains a reward of nT ( + 26) Meanwhile, policy 7 will obtain a reward of

(% +e) E [Ni(T)] + (1 +26) [N ()] + - Z [NJ(T)] = —T +e E [N(T)]+2¢ E [Nj(T)].
7[V _]¢{1j } V%
Therefore,

M»

[N;(D)] - E, [N1(T)] -2 E, [Nj(T)]

/

RT(ﬂ,v')ze(ZnT— E [Mi(T)]-2 E [N (T) ) el2
v e J:17T

>e B [Ni(T)].
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By Markov’s inequality,

T T
Re(m,v) + Rp(m V) = % (P,,V [Nl(T) < "7

T
ven [Mi0) > ),
so by the Bretagnolle-Huber inequality,

enT
Rr(m,v) + Rp(m,v) 2 e exp (=D (Pry, Prv)) . (45)

Cramm E.2. Fore < %, D (Pry,Pry) < 4k€2+IT.

Proor or Craim E.2. In this proof, we will use the following notation to distinguish the reward distributions for the
instances v and v'. For any vector of rewards x; = (xm, . ,xt’n) € {0, 1}" and any choice of arms a; = (at,l, e, at,n) €
[k]", we use the notation fg, (x;) (respectively, f,. (x)) to denote the probability that the platform receives rewards
x; after choosing arms a; under the instance v (respectively, v'). We also use fi; : {0,1} — [0,1] (respectively,
fl' iE {0,1} — [0, 1]) to denote the PMF of arm j for user i. With this notation,

farxee) = | | frans (x2.) (46)
i=1
and n
o) = [ | o, (eei) - (47)
i=1
By definition,
fn'v ((at, xt)z‘=1)

D(ErvBav)= . frev (@ x),)log .
(arx)T, frv ((at,xt)m)

We will begin by simplifying the logarithm in Equation (48). Beginning with the numerator of the logarithm and

(48)

using the notation defined in Section 2 (Equation (1)), we have that

T
Srv ((atyxt)thl) =Py [(At,Xt)thl = (at,xt)tll] = rl w(ay | ay, x1,. .., ar-1,x1-1) fa, (x1).
=1
By Equation (46), we have that
T n
Srv ((atsxt)thl) = l_[ m(ay | a1, x1,...,¢r-1,x¢-1) l_[fi,a,,i (x.0) - (49)
t=1 i=1
Similarly,
T n
frv ((at,xt)z;l) = 1_[ m(ar | ay, x1,...,4r-1,%r-1) nf,{a“ (xs4) - (50)
t=1 i=1

We now return to the logarithm in Equation (48). Based on Equations (49) and (50), much of the numerator and

denominator cancel out, leaving us with

frv (a’x)T= T n ias; i L& i,ar; i
ey T L e

Srv ((at: xt)thl) t=1 i=1
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We can therefore can write the KL divergence as

n T
D (Pry,Pry) = Z va

i=1 t=1

Moreover, by the law of total expectation,

D Py, Pry) = iii E |log fig Xaa) | il Py [Ari = /]
avs Ly ) = Y T ti = 4% ti = .
im1 =1 =1"" i (Xt,i)
We know that for all j # j*, fi; = f ., which means that
D (Pry,Pry) Zn: ZT: tog Pt e |y el [Ari = 7] (51)
v v ) = og ti=J v |Ai =] |-
=1 t=1"" £ (Xei)
By further conditioning,
fiy (Xei) . fij () iy (1)
log—=———— |A;i=j | =P Xpi=0|Ap;=j"]-1 Xii=1|Asi = -log
}ZE'V og fZJ* (Xt,i) ti =] n'v[ t,i |Ari=]j ] ng (0) nv[ t,i | Agi ] f;,] )

Under instance v, the probability that X, ; = 0 given that A;; = j* is fi j» (0). Similarly, the probability that X;; = 1
given that A;; = j* is f; j= (1). Therefore,

fur e |, L fr @ @
7[1%0 logm A[)i =] } —ﬁ (0)1 gf (0) +ﬁ!]* (1)1 f (1) (ﬁ’]*’fl:,j*)' (52)

Moreover, since f; j+ is the Bm( + e) PMF and f’ . is the Bm( + Ze) PMF, we have that D (ﬁl*fz,j*) < 4¢€? for
€< 3

Combining Equations (51) and (52), we have that

n 4e*nT
D (Bpv.Pry) Z (fj £ )pm [Ari = 7] < 4622 [Ny (1)] = 46 B [N;(7)] < ke_nl .
i=1t

Combining Equation (45) and Claim E.2, and setting € = (in which case € < l for nT > 7(k — 1)), we have

4nT

that Ry (7, vo) + Rr(m,v1) > = \/nT(k — 1), so max {Ry(m, vo), R (7, v1)} > 16e —nT(k—-1). O

F PROOFS ABOUT THE FORMULATION 2 REGRET BOUNDS

In this section, we will use the following notation. For any distributions p1, ..., pn € Pk=1 denote the penalty attributed
to user i as
k
Pi((pi)icinysvsn) = r]ZmaX{ ZPl J Pu}
j=1 i'=1

The total penalty across all n users is

n
P((piie[n)s V1) = Zpi((Pi)ie[n]§Ys n).
i=1
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Algorithm 3 Penalty-UCB (defined by parameter &)

Require: Failure probability § > 0
1 Set Njj(0) =0, Vi€ [n], j € [k]; 4 =0, Vi € [n]
2. fort e {1,...,T} do
3: if t € {1,...,k} then

4: Set pit =e;
5: else
() _ N ) k Y -
6: Set (pi )ie[n] = argmax {El piH; -7 ijl max {E 2h_1 Py~ Pijs 0}}
7: end if

8: Draw jl.(t) ~ plm Vi € [n]
9: Receive reward ri(t) ~ Xi fIo)
100 Npe(t)=Nyje(t=1)+1, Vi€ [n]

11: N;j(t) = N;j(t—1), Vie [n] and j # jlt

12: ﬁl.(j.) = /k’gg#)/&), Vi€ [n],j€ [k]

t
s A=l z r1 { i = j} +B). Vie [nl.j e K]

14: end for

Next, let p,..., py € Pk=1 be distributions that maximize the expected reward minus the penalties. Then the expected

regret of a policy 7 under this formulation is

n
TZ (P? i = Pi((p))icn] V> n)) -E
i=1

n T
Z (Xi,t = Pi((mi(ht-1))ie[n]3 V> '7))} .
i=1 t=1

THEOREM 5.7. Let 7 be the policy of Penalty-UCB. Then Ry 3(r,v) = O(nVkT).

Proor. Fix a timestep t € [T]
n
* t * t
D05 = p” ) = P(P)ie ) vm) = Pr((p ic s vom)
i=1

n
=30} 1= PPt rom) — (0 i = PP iepupivom) - ) i+ p") - )
i=1

n
< 3pF - i = P(pDierny ) = (PF - 1) = P iepnpivon) — i) - i+ p") - ")

i=1

n
= > =gy = p i pl )
i=1

By ClaimC.1,p-pu; < p- ﬁ;t) Vie [n]andall p € R’;O

n n
Do mi— ) = PDierny ) — B Dietnpvm) < 3 (08 @l = pi )
i=1 i=1

33



EAAMO’23, October 30 — November 1, 2023, Boston, MA Christian Borgs, Jennifer Chayes, Christian lkeokwu, and Ellen Vitercik

n
()  p(t)
< Zpi . ﬁi
i=1

Thus

Z Pl@ _ﬂi(t)

t=1ie[n]

M=

(2)

Let Fi;-1 be the sigma algebra defined up to the choice of p;’ and ji(t)' be a random variable distributed as

(&) | Fit—1 and conditionally independent from ](t) ie. ](t) L ]i(t) | Fir—1. Note that by definition the following
equahty holds:

mE o [ﬂzf n]= . E . [/31]0)’ | Fi-1].
0 ~pt ; JO p® b

Consider the following random variables A; ; = EJ(,) 0 [ﬁ o | Fir-1]— ﬁ 0 (#). Note that M; ; = Z 1 Ais is

a martingale. Since |A| < 24/21log(nkT/$), a simple apphcatlon of Azuma- Hoeffdlng implies that with probability at
least 1 -6,

T
=, p" B <Z Z ﬂ([m \/Tlog( I; )l"g(;)
n]

t=1ie[n] t=1ie|

Now let us bound }; ﬁ(t)

ze[n]t i
T
t t (1) _ .
5340 % 5 Sl
i€[n] t=i i€[n] jelk] t=i
For fixed i, j
T N;;(T)
> { j = j} = Viog(Tnk/8) > 1/t < 2,|N; j(T) log(Tnk/6)
t=i =1
Therefore
Z Zﬁ(t) <2 Z Z JNij(T)log(Tnk/5)
ie[n] t=i ie[n] jelk]

<2 Z k Z Ni.j(T) log(Tnk/6)

i€[n] Jjelk]

=2 Z VKT log(Tnk/5)

i€[n]
= 2n\kT log(Tnk/d)

Where the second line follows from the concavity of 4/- and the penultimate line follows from the fact that 3, N ;(T) =
Jjelk]
T. O
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G PROOFS ABOUT THE FORMULATION 3 REGRET BOUNDS

LEMMA 5.8. Let p* = (p},..., py) with p} € Pk=1 be the policy that maximizes reward, (p, v %, y)‘ Then

rewardp (p*, v %Y) > rewards (n*, v; n,Y)-

Proor. First, for any arm j € [k], we can exchange the expectation and the maximum in Equation (8) as follows:

max { Z b, ﬁi,j,OH > max {% Z ”@V [prj] - HI*EV [hi/] ,O} . (53)

i'=1 i’=1

7ZV

Moreover, we can rewrite the expected empirical distribution as follows:

TV t=17TV

1< 1<
E [pij] =7 ZHLEV [l{at,i:j}] =z DU E [5G 1 he-1)] .
=1

Therefore, by Equation (53), we have that

n
max{y Zp, J ﬁi,j,O}

'=1

n

> {1i(£2 (7 G Vb)) = B [ 1 Ao o]) }

We can therefore bound rewards (7%, v; 1, y) as follows:

E

Tty

rewards (7%, v;1,y)

n (T k
DI VECIED -

YN s s
max{; Zpi/’j —pi’j,O}}

i=1 \t=1 =Y =1
n k T 1 T y n ‘ ‘

SZZ (lei,j E [7 (1 he-1)] - r]max{? Z (— Z E [l he-)] = E [7(j | ht—l)]),o}). (54)
i=1j=1\r;1 TV =\t iE T v

Define the history-independent policy p = (p1, ..., pn) such that

T
== i|hi—1)]|.
pij = T ; = (] | by 1)]
This is a distribution because for any user i € [n],
k T 1 T
D= Z anm D=7, E =1
= =1

We rearrange Equation (54) to get that

rewards (7™, v; 1, y)

n 1 T ) T
ZZ(#:;Z E [} (j | he-1)] = nmax {Z fZLE [75G | he-1)] - Z ”(f|ht—1)]),0}
ni/zl =Y t:l” v
n k , "
= ; ; (Tlli,jpi,j — pmax {; lZ:lPi',j - Pi,j» o}) .
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By definition of p*, this means that

k
rewards (%, vi 1, 7) < Zn: Z (Tﬂi,jPZj - qmax{ Zpl J pl], }) = rewardy (p*, V3 %Y) .

i=1 j=1

i’=1

LEMMA 5.9. Let n be any policy such that mi(t | hy—1) = 1 for allt < k and i € [n]. For any instance v,

10log T
rewards (ﬁ, v; % y) < rewards(m, v;n,y) + nnk(y + 1) +g.

Proor. First, for any arm j € [k], we can exchange the expectation and the maximum in Equation (7) as follows:

T T
2 E max{ meht D) = mi(j | he- oo} max{ Z( meht D) = mi(j | he- o) H
t=1

=1
>2max{ E | = = > my(jlhe-1) —mi(j | ht—l))} ,0}~
av|T ; n 1'2:11

Using the fact that By [7:(j | ht—1)] = Exv[1(4,,=j}], we have that

T
1
?Z;}FV max{ Zm G T he-1) = mi(G [ he), o} >max{m

i'=1
Next, we use the fact [4] that

T
1
maX{l]TE‘,} T;( Zl{A“—j} l{Ati_]}):|’0}
. T 1 T n
maX{fZ( Z {Anr=i} = l{A,,—J}) OH PR TZ(;Z {Aer=i} = I{An‘f}))
t=1
v n T y n
max {; Z;Pi/,j ~ Pij> OH - Var (:Z (n Z‘i Lap=) = Yau=j)
= U=

LetY; = % P 1ea, =t — Ya,=j} and define the martingale difference sequence D; := Z (Y; —E[Y7]). Then

=1

| I
T2

t=1

S v o}

=1

v
fes]
—

(56)

Var[Dt] = Var [Zle Yt] and D; is martingale with bounded increments |D; — D;—1| < 2(y + 1). By assumption
mi(t | hy—1) = 1forallt < k and i € [n] so Dy = 0 deterministically. Let B be the event that |Dr| < (y +1)4/8T logT.
Applying Azuma-Hoeffding for martingales we know that Pr[B¢] < % Moreover, with probability 1, |Dr| < 2T(y + 1).

Therefore, by the law of total variance and Popoviciu’s inequality,

T
2,V
=1

=Var[Dr]

Var

=Var[Dr | B] Pr[B] + Var[Dr | B°] Pr[B°] + (E[DT | B> +E[Dr | B°)* - 2E[Dr | BIE[Dr | BC]) Pr[B] Pr[B]

<Var[Dr | B] + % (Var[DT | B°] + E[Dr | B]? + E[Dr | B]? = 2E[Dr | B E[Dr | BC])

<2T(y +1)%log T + 17T (y + 1)?
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<19T(y + 1)%logT.

Combining this fact with Equations (55) and (56), we have that

T n
1 Y . .
7 ;;g: max{; ;m/o [ het) = mi(j | ht_l),o}

As a result,

=2 E
v

S R [10(y + 1)2log T
max{% Pi’,j—Pi,jsOH - —(Y T) g . (57)
i'=1

n T k n
Z Zﬂi “mwi(ht-1) - % 2, max{g Z 7 (j | he-1) = mi(J | ht—l),O}

U
d(,;T, )-
rewardjp \ 7, v Y

i=1 \ =1 J =1
Ly k V< 10log T
<E Z Zﬂi ~mi(he-1) — 1 Z max {; Zpi/,j — Dij> 0} +nnk(y +1) —
i=1 \t=1 Jj=1 i’=1
10log T
= rewards(m, v;n,y) + nnk(y + 1) ;g
m]
THEOREM 5.10. Let 7 be the policy played by Algorithm 3. Then the regret is bounded as
~ k(1+
rewards(n*, v;n,y) — rewards(m,v;n,y) = O (n VKT + M) .
T
PrOOF. Let p* be the policy that maximizes rewardy ( PV % y) . We expand the regret as
rewards(n*,v;n,y) — rewards (7, v; 1, y)
=rewards (7", v;n,y) — reward; (p*, v; % y) + rewardy (p*, v; % y) —rewards (7, v;n,y)
<rewardy (p*, v; %, y) —rewards (7, v; 1, y) (Lemma 5.8)
10log T
<rewardy (p*, V; 1, y) — rewardy (7[, V; 1, y) +nnk(y +1) Dosl (Lemma 5.9)
T T
10log T

=0 (n\/kT log (Tnk) + /T log?(Tnk) + nnk(y + 1) %) . (Theorem 5.7)

H ADDITIONAL INFORMATION ABOUT THE EXPERIMENTS

Figure 4 plots the change in the additive utility loss

1< 1<
vin
;Zﬂi'??‘;Zﬂi'?i
i=1 i=1

for all genres and the entire population of users described in Section 6.1.
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Avg. Utility Loss vs 1 for Polarization Tax, = 18 Avg. Utility Loss vs 1 for Polarization Tax, k = 2
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Fig. 4. Polarization Tax: Utility Difference as function y and n
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